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Vortex solutions of four-fermion theory coupled to a Yang-Mills-Chern-Simons gauge field

Hyuk-jae Lee* Joo Youl Lee' and Jae Hyung Yée
Department of Physics and Natural Science Research Institute, Yonsei University, Seoul, 151-742, Korea
(Received 18 March 1998; published 1 September 1998

We have constructed a four-fermion theory coupled to a Yang-Mills-Chern-Simons gauge field which
admits static multivortex solutions. This is achieved through the introduction of an anomalous magnetic
interaction term, in addition to the usual minimal coupling, and the appropriate choice of the fermion quartic
coupling constant.S0556-282(98)01718-4

PACS numbgs): 11.15.Kc, 11.10.Kk

Since the introduction of the Chern-Simons acfithas a  where they matrices are chosen to be
new possible gauge field theory in {2)-dimensional o 3 1 s o
space-time, it has been successfully applied to explain vari- y=0o5, Yy =lon, yrEloT, v
ous (2+1)-dimensional phenomena including high su- . . N .
percc()ndugtivity and the iﬁtegral and fractiona?qugr?tum Hall" terms of the Pal.J“ matr'?esl’ thg vector potentials are
effects. The Chern-Simons term has also made it possible tr(()apresented as anti-Hermitian matrices as
construct various field theoretic models which possess clas- A =A3Ta 3)
sical vortex solutions with various physically interesting pooR

propertieg 2—10. They include the relativisti€2] and non-  ith the group generatorE? satisfying
relativistic [3] scalar field theories interacting with Abelian

Chern-Simons fields, which admit static multivortex solu- [T3 TP]=fabeTe, 4
tions saturating the Bogomol'nyi bourid] that reduces the
second-order field equations to first-order ones. Vortex solu- (T3HT=—T2, 5

tions have also been found for scalar theories coupled to both . ] ) )

the Maxwell and Chern-Simons term_ Such theories with and the spinor fleldb transforms as an irreducible represen-

static votex solutions have also been extended by introducintgtion of the Lie group generated By". We introduce the

supersymmetnf6] and by adding a new interaction term covariant derivativeD,, including both the usual minimal

such as an anomalous magnetic interation tgfm coupling and the magnetic moment interaction with the mag-
Chern-Simons gauge theories coupled to relativigdl ~ netic momenu [7],

and nonrelativistic[9,10] fermion matter fields have also

been found to admit static vortex solutions. Recently it has D,y=D ¢+ EEMPFVW/, 6)

been found that the four-fermion theory coupled to a 4

Maxwell-Chern-Simons field admits static vortex solutions

that have an interesting physical propeityt]. In this theory ~WhereD,=d,+A,,. .

two matter currents, the electromagnetic current and a new 1h€ equations of motion are

topological current associated with the electromagnetic cur-

rent, couple to the gauge field. This may provide an interest- [Y*Dyp—my+gT(yT) =0, @)
ing model for studying the dynamical properties of magnetic
vortices from the field theoretic point of view. It is the pur- D EBat Efﬁa)\Fa
pose of this paper to study the non-Abelian generalization of * ar
this model.
We consider the self-interacting spinor field theory = —igyPToY—i Ee_ﬁa)\D (I T2 @)
2 a A .

coupled to a non-Abelian Yang-Mills-Chern-Simons field

described by the Lagrangian . . i .
Note that the anti-Hermitian matrix version of the current

density reads

1 K 1 . . o,
L=— ETr(F’”’FW)wL EGW’J Trl FuA,— §AM[A,,,AP] jM=Tajz=—lTa(1py’uTal//) 9
o 1 o and the matter density is defined as
Higy*Dyp—mipp+ Sg(PT) (PT29), (1) .
urm M 39 Y p=Tap?=—iT3(y'T2). (10
We will show that the system described by the Lagrang-
*Electronic address: hjlee@theory.yonsei.ac.kr ian (1) supports static vortex solutions. For this purpose, we
"Electronic address: jylee@phya.yonsei.ac.kr choose the temporal gaug®,=0 and consider the gauge
*Electronic address: jnyee@phya.yonsei.ac.kr field A, to be static. We take the fermion fieldin compo-
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nent form,zp:(ﬁr)e‘iEft, whereE; is a constant andy is (Ef—m)y. =0,
the spin-up and)) the spin-down Pauli spinoi$,11]. The

equation of motior(7) can then be written as coupled equa- (—B=m)y_=0, (21)
tions for ¢, and¢_ . If we choose the spinor field as which determine the constaf; for the solutions(11) and
(14), respectively. The self-dual equatiofis) and(16) then
Lo become
=y, 0 e 'Fr, (11
D.y.=0. (22)

then the field equatiofi7) reduces to . ) ]
This result corresponds to the fermion version of the non-

Cama U o Abelian generalization12,13 of the Jackiw-Pi mod€]3].
Ef—m+igpi T+ EF T ¢ =0, (12 To solve the self-dual equations, we use the adjoint rep-
resentation for the matter fields and define the matter field
D, ¢, =0, (13 matrix ¥ by contracting the multiplety with generators of
the Lie algebra. We usually denote the representation of the
due to the choice of matrices(2), and if we take generators by7?=T2 [72 is (2i) ! times the Pauli matri-
ces or Gell-Mann matrices for $P) and SU3), respec-
0\ tively]:
y= w_( 1)e"Ef‘, (14)
Vn= ‘pa(Ta)mn- (23

Eq. (7) reduces to In this representation, the self-dual matter field equation, for

the ¢, field of Eq.(11), may be written as

u
—E;—m-—i aTa—i—F12~aTa> _=0, 15
( f gr 2 4 = 9.V +[A, ¥]=0, (24)

D_y_=0, (16) a_WT+[A_,¥T]=0, (25)

where D, =D;*+iD, and p.=—iT3yLT%p.). D;=D;, whered.=d,;*+id, andA.=A;*iA,. The matter density
for i=1,2, since we have chosen the gauge condi#ign (10) then reads

=0. The above equations show that the fermion figlds . N - -

and y_ satisfy the self-dual equations. p=—1T(Ynf mantn) =1 [ T7, T ghy=—i[ V', W],

From Egs.(2), (11), and (14), we find ' ¢=0, which (26)
implies thate® D;(4y;#) =0, fori,j=1,2. Then, because of and the Chern-Simons equati¢h?) becomes
Egs.(11) and(14), Eq. (8) reduces to
2i
- 1, d_AL—d . A_+[A_ A ]= — P (27)
1l '=—B= ;PiT : (17
For the fieldy_ of Eq. (14), the equations may be written as
. u ..
DiFIJya:_EGOIJDip‘;, (18) J_V+[A_,¥]=0, (28)
t 1=
where Eq.(17) is the Gauss’ law constraint. For the above I+ ¥+ AL W]=0, (29
two equations to be consistent the constant@nd x must oi
satisfy the condition I_A,— . A_+[A_ A, ]= —b. (30)
2
u=-——. (29 In order to find the solutions of these field equations we
K

employ some standard Lie group notat[d2,13. The group
generators are given in the Cartan-Weyl basis, with the com-

field equations, one needs to introduce an anomalous ma wting set, which comprises the Cartan subalgebra, denoted

i_ it +n
netic interation term. For Eq$12) and(15) to be consistent y H=(H')" and the ladder generators denoted By

_eEm it : ;
with the Gauss law constraifit7), the quartic coupling con- _éllz )" The mdcteX| ra”r??hs ?‘g{ trledratﬂk Cg_ the QTOUD}
stant must satisfy while n ranges up t® such that 2+r=d, the dimension o

the group. It is always possible to selectramember subset
that satisfies

This shows that for the theor{l) to have consistent static

u2
9=7 (20

r
[EME ™ "]=6un>, vhH', (32)
and =1
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of ladder operators wherep,=u'u, for this representation. From E@4) and
i an P Cen Eq. (41) or (43), we finally find that the matter densiyy,
[HLE™"]=%0u,EY, (82 satisfies the Toda equation
and thev!=—v" , comprises real “root vectors” for n 2 '
=1,...s5 with r componentsj=1, ... r. Introducing a Vinp,=*+— E KagPg (45)
new symbol,e“=c_,E* such thatc, is a numerical factor, Kp=1
we have where the* signs are for the solutions for the cas&$) and
[e“ efa']: 5. .he (33) (14), respectively. From this Toda equation, we can find the
’ rae solutions for the general gauge group S( This shows
[ha,e—ﬂ]:Kﬁaeﬁ, (34) that one can find the solutions for the self-dual equations of
the theory(1) for general group SW\).
where The total energy of the system can be written as
r
h*=lc,|? 2, viH' (35 E=f d*ri
i=1
1 u u
Lo zfdzr{—(F‘i‘er —pi) Fi,+ —pi)
Kaﬁ=|cﬁ|2i22l VLUl (36) 2 2 2

u2

1
9- Z) pipiimtﬂ%}

3

K.p is called the Cartan matrix. Now we will show that a
special ansatz reduces the self-dual equations to integrable
nonlinear equations. This is achieved by using the field de- _ P
composition in the form B imj drip g, (46)
! wherey! . ==,y with i denoting the components of
W= 21 Uqe%, (37 the field multiplet, and we have used the Gauss’ law con-
“ straint and the consistency conditioffs9) and (20). Note
r that these consistency conditions are such that all the quartic
A_=> A, (38) interaction terms in the Hamiltonian cancel out as in the
a=1 Jackiw-Pi model.
The Toda equatiofd5) for generalSU(N) is not soluble
in closed form. For the case of $2), however, Eq.(45)

r
—_ * |1
As= azl Ah*. (39) reduces to the Liouville equation
For the s, field, the self-dual matter field equation reads V2np. = +fp 47)
- K g
r
9+ Ua—Uaﬁzl KapAf=0. (400 which is completely integrable.
If we take the case of Eq1l), p, becomesp, and «
This equation can be solved & : <0 is required in order to have a nonsingular positive charge

densityp, . If we take the case of Eql4), on the other

' hand,p,=p_ and«>0 is required for the nonsingular den-

Ax=2 K,3d logug. (41)  sity p_. That is, both solutions involve only one of the (2
F +1)-dimensional spinor field components, depending on the
Similarly, for they_ field, we find sig? )OfK. This corresponds to the embedding ofi)Jinto
SU2).
' ] The most general circularly symmetric nonsingular solu-
d_Ugt Ua;::l KepAp—it(d-Efu,=0, (42 tions to the Liouville equatio47) involve two positive con-
stantsr.. and A\ [3]:
;
A,=— > K:2o_loguy. 43 2kNA[ [T\ M [ r |\ Ve]m2
a le ap Qupg ( ) p+=7F 27 T + r— , (48)
r s

The Chern-Simons equations, E&7) or (30), can then
be written, by virtue of Eqs(38) and(39), as wherer ;. are scale parameters and the)(sign is for nega-

tive x and the (+) sign for positive «. ch\>f fix N, we

2 observe that regularity at the origip,.~r®'="2? asr—0

* I fas ’
IRt I Ra=Pas 449 and at infinity,p.. ~r ~?"=~2 asr — o, requires\. =1. Es-
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pecially for single valuedness af. , N. must be an inte- tion of an anomalous magnetic interation term in addition to
ger[11,13. The total charge of the soliton is then given by the conventional minimal gauge coupling, which is respon-
sible for the right-hand side of E¢18) that guarantees the
consistent Gauss’ law constraint, Efj7). Although the mul-
tivortex solutions for the S(2) case are the same as those of
Jackiw-Pi model, the moduli space dynamjd}] of these
which is the same as that of Ref42,13. From the solution  solutions will be quite different due to the Maxwell term in
(48), for the SU2) case, the total energy of the system can bethe Lagrangian which is quadratic in time derivatives of the
shown to be gauge field.

Q“—’:f p+0%r=F2mwkN.>0, (49)
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