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Vortex solutions of four-fermion theory coupled to a Yang-Mills-Chern-Simons gauge field

Hyuk-jae Lee,* Joo Youl Lee,† and Jae Hyung Yee‡

Department of Physics and Natural Science Research Institute, Yonsei University, Seoul, 151-742, Korea
~Received 18 March 1998; published 1 September 1998!

We have constructed a four-fermion theory coupled to a Yang-Mills-Chern-Simons gauge field which
admits static multivortex solutions. This is achieved through the introduction of an anomalous magnetic
interaction term, in addition to the usual minimal coupling, and the appropriate choice of the fermion quartic
coupling constant.@S0556-2821~98!01718-4#

PACS number~s!: 11.15.Kc, 11.10.Kk
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Since the introduction of the Chern-Simons action@1# as a
new possible gauge field theory in (211)-dimensional
space-time, it has been successfully applied to explain v
ous (211)-dimensional phenomena including highTc su-
perconductivity and the integral and fractional quantum H
effects. The Chern-Simons term has also made it possib
construct various field theoretic models which possess c
sical vortex solutions with various physically interestin
properties@2–10#. They include the relativistic@2# and non-
relativistic @3# scalar field theories interacting with Abelia
Chern-Simons fields, which admit static multivortex so
tions saturating the Bogomol’nyi bound@4# that reduces the
second-order field equations to first-order ones. Vortex s
tions have also been found for scalar theories coupled to
the Maxwell and Chern-Simons terms@5#. Such theories with
static votex solutions have also been extended by introdu
supersymmetry@6# and by adding a new interaction ter
such as an anomalous magnetic interation term@7#.

Chern-Simons gauge theories coupled to relativistic@8#
and nonrelativistic@9,10# fermion matter fields have als
been found to admit static vortex solutions. Recently it h
been found that the four-fermion theory coupled to
Maxwell-Chern-Simons field admits static vortex solutio
that have an interesting physical property@11#. In this theory
two matter currents, the electromagnetic current and a
topological current associated with the electromagnetic c
rent, couple to the gauge field. This may provide an inter
ing model for studying the dynamical properties of magne
vortices from the field theoretic point of view. It is the pu
pose of this paper to study the non-Abelian generalization
this model.

We consider the self-interacting spinor field theo
coupled to a non-Abelian Yang-Mills-Chern-Simons fie
described by the Lagrangian

L52
1

2
Tr~FmnFmn!1

k

2
emnr TrS FmnAr2

1

3
Am@An ,Ar# D

1 i c̄gmDmc2mc̄c1
1

2
g~ c̄Tac!~c̄Tac!, ~1!
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where theg matrices are chosen to be

g05s3, g15 is1, g25 is2, ~2!

in terms of the Pauli matricess i , the vector potentials are
represented as anti-Hermitian matrices as

Am5Am
a Ta, ~3!

with the group generatorsTa satisfying

@Ta,Tb#5 f abcTc, ~4!

~Ta!†52Ta, ~5!

and the spinor fieldc transforms as an irreducible represe
tation of the Lie group generated byTa. We introduce the
covariant derivativeDm including both the usual minima
coupling and the magnetic moment interaction with the m
netic momentu @7#,

Dmc5Dmc1
u

4
emnrFnrc, ~6!

whereDm5]m1Am .
The equations of motion are

igmDmc2mc1gTa~ c̄Tac!c50, ~7!

DaFab,a1
k

2
ebalFal

a

52 i c̄gbTac2 i
u

2
ebalDa~c̄glTac!. ~8!

Note that the anti-Hermitian matrix version of the curre
density reads

j m5Taj m
a 52 iTa~ c̄gmTac! ~9!

and the matter density is defined as

r5Tara52 iTa~c†Tac!. ~10!

We will show that the system described by the Lagran
ian ~1! supports static vortex solutions. For this purpose,
choose the temporal gaugeA050 and consider the gaug
field Ai to be static. We take the fermion fieldc in compo-
© 1998 The American Physical Society01-1
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BRIEF REPORTS PHYSICAL REVIEW D 58 087701
nent form,c5(c i

c1
)e2 iE f t, whereEf is a constant and (0

1) is

the spin-up and (1
0) the spin-down Pauli spinors@8,11#. The

equation of motion~7! can then be written as coupled equ
tions for c1 andc2 . If we choose the spinor field as

c5c1S 1

0D e2 iE f t, ~11!

then the field equation~7! reduces to

S Ef2m1 igr1
a Ta1 i

u

2
F12,aTaDc150, ~12!

D1c150, ~13!

due to the choice ofg matrices~2!, and if we take

c5c2S 0

1D e2 iE f t, ~14!

Eq. ~7! reduces to

S 2Ef2m2 igr2
a Ta2 i

u

2
F12,aTaDc250, ~15!

D2c250, ~16!

whereD65D16 iD2 and r652 iTa(c6
† Tac6). Di5Di ,

for i 51,2, since we have chosen the gauge conditionA0
50. The above equations show that the fermion fieldsc1

andc2 satisfy the self-dual equations.
From Eqs.~2!, ~11!, and ~14!, we find c̄g ic50, which

implies thate0i j Di(c̄g jc)50, for i , j 51,2. Then, because o
Eqs.~11! and ~14!, Eq. ~8! reduces to

F12
a Ta[2B5

1

k
r6

a Ta, ~17!

DiF
i j ,a52

u

2
e0i j Dir6

a , ~18!

where Eq.~17! is the Gauss’ law constraint. For the abo
two equations to be consistent the constantsu and k must
satisfy the condition

u52
2

k
. ~19!

This shows that for the theory~1! to have consistent stati
field equations, one needs to introduce an anomalous m
netic interation term. For Eqs.~12! and~15! to be consistent
with the Gauss law constraint~17!, the quartic coupling con-
stant must satisfy

g5
u2

4
~20!

and
08770
g-

~Ef2m!c150,

~2Ef2m!c250, ~21!

which determine the constantEf for the solutions~11! and
~14!, respectively. The self-dual equations~13! and~16! then
become

D6c650. ~22!

This result corresponds to the fermion version of the n
Abelian generalization@12,13# of the Jackiw-Pi model@3#.

To solve the self-dual equations, we use the adjoint r
resentation for the matter fields and define the matter fi
matrix C by contracting the multipletc with generators of
the Lie algebra. We usually denote the representation of
generators byT a5Ta @T a is (2i )21 times the Pauli matri-
ces or Gell-Mann matrices for SU~2! and SU~3!, respec-
tively#:

Cmn5ca~T a!mn . ~23!

In this representation, the self-dual matter field equation,
the c1 field of Eq. ~11!, may be written as

]1C1@A1 ,C#50, ~24!

]2C†1@A2 ,C†#50, ~25!

where]65]16 i ]2 and A65A16 iA2 . The matter density
~10! then reads

r52 iT a~cm
† f mancn!5 icm

† @Tm,T n#cn52 i @C†,C#,
~26!

and the Chern-Simons equation~17! becomes

]2A12]1A21@A2 ,A1#5
2i

k
r. ~27!

For the fieldc2 of Eq. ~14!, the equations may be written a

]2C1@A2 ,C#50, ~28!

]1C†1@A1 ,C†#50, ~29!

]2A12]1A21@A2 ,A1#5
2i

k
r. ~30!

In order to find the solutions of these field equations
employ some standard Lie group notation@12,13#. The group
generators are given in the Cartan-Weyl basis, with the co
muting set, which comprises the Cartan subalgebra, den
by Hi5(Hi)† and the ladder generators denoted byE6n

5(E7n)†. The indexi ranges over the rankr of the group,
while n ranges up tos such that 2s1r 5d, the dimension of
the group. It is always possible to select anr -member subse
that satisfies

@En,E2n8#5dnn8(
i 51

r

vn
i Hi , ~31!
1-2
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of ladder operators

@Hi ,E6n#56vn
i E6n, ~32!

and thevn
i 52v2n

i comprises real ‘‘root vectors’’ for n
51, . . . ,s with r components,i 51, . . . ,r . Introducing a
new symbol,ea5caEa such thatca is a numerical factor,
we have

@ea,e2a8#5daa8h
a, ~33!

@ha,e2b#5Kbaeb, ~34!

where

ha5ucau2(
i 51

r

va
i Hi , ~35!

Kab5ucbu2(
i 51

r

va
i vb

i . ~36!

Kab is called the Cartan matrix. Now we will show that
special ansatz reduces the self-dual equations to integr
nonlinear equations. This is achieved by using the field
composition in the form

C5 (
a51

r

uaea, ~37!

A25 (
a51

r

Aaha, ~38!

A152 (
a51

r

Aa* ha. ~39!

For thec1 field, the self-dual matter field equation rea

]1ua2ua (
b51

r

KabAb* 50. ~40!

This equation can be solved forAa* :

Aa* 5(
b

r

Kab
21]1logub . ~41!

Similarly, for thec2 field, we find

]2ua1ua (
b51

r

KabAb2 i t ~]2Ef !ua50, ~42!

Aa52 (
b51

r

Kab
21]2logub . ~43!

The Chern-Simons equations, Eq.~27! or ~30!, can then
be written, by virtue of Eqs.~38! and ~39!, as

]2Aa* 1]1Aa5
2

k
ra , ~44!
08770
ble
-

wherera[ua
†ua for this representation. From Eq.~44! and

Eq. ~41! or ~43!, we finally find that the matter densityra
satisfies the Toda equation

¹2ln ra56
2

k (
b51

r

Kabrb , ~45!

where the6 signs are for the solutions for the cases~11! and
~14!, respectively. From this Toda equation, we can find
solutions for the general gauge group SU(N). This shows
that one can find the solutions for the self-dual equations
the theory~1! for general group SU(N).

The total energy of the system can be written as

E5E d2rH

5E d2r F1

2S F12
a 1

u

2
r6

a D S F12
a 1

u

2
r6

a D
1

1

2S g2
u2

4 D r6
a r6

a 6mc6
† c6G

56mE d2rc6
† c6 , ~46!

wherec6
† c65( ic6

†ic6
i with i denoting the components o

the field multiplet, and we have used the Gauss’ law c
straint and the consistency conditions~19! and ~20!. Note
that these consistency conditions are such that all the qu
interaction terms in the Hamiltonian cancel out as in t
Jackiw-Pi model.

The Toda equation~45! for generalSU(N) is not soluble
in closed form. For the case of SU~2!, however, Eq.~45!
reduces to the Liouville equation

¹2lnr656
4

k
r6 , ~47!

which is completely integrable.
If we take the case of Eq.~11!, ra becomesr1 and k

,0 is required in order to have a nonsingular positive cha
density r1 . If we take the case of Eq.~14!, on the other
hand,ra5r2 andk.0 is required for the nonsingular den
sity r2 . That is, both solutions involve only one of the (
11)-dimensional spinor field components, depending on
sign of k. This corresponds to the embedding of U~1! into
SU~2!.

The most general circularly symmetric nonsingular so
tions to the Liouville equation~47! involve two positive con-
stantsr 6 andN6 @3#:

r657
2kN6

2

r 2 F S r 7

r DN6

1S r

r 7
DN6G22

, ~48!

wherer 7 are scale parameters and the (2) sign is for nega-
tive k and the (1) sign for positivek. To fix N6 , we
observe that regularity at the origin,r6;r 2N622 as r→0,
and at infinity,r6;r 22N622 asr→`, requiresN6>1. Es-
1-3
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pecially for single valuedness ofc6 , N6 must be an inte-
ger @11,13#. The total charge of the soliton is then given b

Q65E r6d2r 572pkN6.0, ~49!

which is the same as that of Refs.@12,13#. From the solution
~48!, for the SU~2! case, the total energy of the system can
shown to be

E56m~2pukuN6!. ~50!

We have thus extended the four-fermion theory coup
to a Maxwell-Chern-Simons field@11#, which admits static
multivortex solutions, to the one with non-Abelian symm
try. We have shown that this non-Abelian model also adm
multivortex solutions. This is achieved through the introdu
08770
e

d

-
s
-

tion of an anomalous magnetic interation term in addition
the conventional minimal gauge coupling, which is respo
sible for the right-hand side of Eq.~18! that guarantees the
consistent Gauss’ law constraint, Eq.~17!. Although the mul-
tivortex solutions for the SU~2! case are the same as those
Jackiw-Pi model, the moduli space dynamics@14# of these
solutions will be quite different due to the Maxwell term
the Lagrangian which is quadratic in time derivatives of t
gauge field.
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